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Mutual Information-Based Analysis
of JPEG2000 Contexts

Zhen Liu and Lina J. Karam, Senior Member, |IEEE

Abstract—Context-based arithmetic coding has been widely
adopted in image and video compression and is a key component
of the new JPEG2000 image compression standard. In this paper,
the contexts used in JPEG2000 are analyzed using the mutual
information, which is closely related to the compression perfor-
mance. We first show that, when combining the contexts, the
mutual information between the contexts and the encoded data
will decrease unless the conditional probability distributions of
the combined contexts are the same. Given I, the initial number
of contexts, and F', the final desired number of contexts, there are
S I, F possible context classification schemes where S I, F
is called the Stirling number of the second kind. The optimal
classification scheme is the one that gives the maximum mutual
information. Instead of using an exhaustive search, the optimal
classification scheme can be obtained through a modified gener-
alized Lloyd algorithm with the relative entropy as the distortion
metric. For binary arithmetic coding, the search complexity can
be reduced by using dynamic programming. Our experimental
results show that the JPEG2000 contexts capture the correlations
among the wavelet coefficients very well. At the same time, the
number of contexts used as part of the standard can be reduced
without loss in the coding performance.

Index Terms—Context-based arithmetic coding, JPEG2000, mu-
tual information.

. INTRODUCTION

ATA compression is the process of reducing the amount

of data required to represent a given quantity of in-
formation. Data is a means by which the information is
conveyed. Yet, datazinformation. In a lot of cases, there is
redundancy within the data. The basis for compression is
redundancy removal. In digital image compression, three types
of redundancy are commonly exploited. These are interpixel
redundancy, psycho-visual redundancy, and statistical redun-
dancy. Corresponding to these redundancies removal, a typical
transform-based lossy image compression scheme has three
stages: a reversible transform stage, an irreversible quantization
stage, which is usually controlled by rate allocation, and a loss-
less entropy-coding stage. Recently, context-based artithmetic
coding has been widely adopted in the final entropy-coding
stage for image and video compression [1]-[13]. In particular,
context-based arithmetic coding is a key component of the new
JPEG2000 image compression standard.
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In theory, the contexts provide a model for probability esti-
mation of each possible message to be coded, and the arithmetic
coder translates the estimated probabilities into bits. The “code-
word” that the arithmetic coder assigns to each possible mes-
sage consists of a number of bits that is needed to distinguish
the half-open subinterval determined by the corresponding mes-
sage from all other possible subintervals in [0.0, 1.0). The more
probable message is represented using a larger subinterval and,
therefore, results in a shorter codeword. In practice, the proba-
bility is estimated incrementally and the subinterval that is asso-
ciated with the current message, is refined incrementally using
the probability of individual symbols, with bits outputted as
each symbol comes in. The goal of context modeling is to pro-
vide the statistical probability information to the coder. Essen-
tially, it is the quality of the context model that determines the
compression efficiency. In JPEG2000, 17 contexts are specified
to efficiently code the significant, sign, and refinement informa-
tion. This research is motivated by the question why these 17
contexts are selected. In this paper, we try to answer this ques-
tion and analyze the JPEG2000 contexts using the mutual infor-
mation.

This paper is organized as follows. In Section 11, we first show
that a very important problem in wavelet image coder design is
how to model and utilize the various within and cross-subband
correlations left among the wavelet transformed coefficients.
Context modeling and adaptive arithmetic coding is one ap-
proach to capture these correlations and this approach has been
widely adopted [7]-[10]. In Section I11, an overview of entropy
coding is given and an expression of the total entropy-coding
efficiency is derived. In Section 1V, we propose that the mutual
information between the contexts and the encoded data can be
used to measure the context modeling optimality. When com-
bining contexts, the mutual information will decrease unless
the conditional probability distributions of the combined con-
texts are the same. Instead of using exhaustive search, the op-
timal classification can be obtained through a modified gen-
eralized Lloyd algorithm (GLA) with the relative entropy as
the distortion metric. For binary arithmetic coding, dynamic
programming can be implemented to reduce the search com-
plexity. Since we are dealing with binary random variables in
the JPEG2000 standard, dynamic programming is then applied
to study the performance of JPEG2000 contexts. Experimental
results are reported in Section V. Finally, we conclude the paper
in Section VL.

Il. CONTEXT MODELING FOR WAVELET IMAGE COMPRESSION

Since its introduction as a tool for signal representation, the
wavelet transform has become very popular in the image-coding
community. It has such desirable features as space-frequency
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Fig. 1.

Wavelet transformed coefficients after three levels of wavelet decomposition using

localization, energy compaction, and multiresolution analysis.
Many state-of-the-art image coders [1]-[10] employ the discrete
wavelet transform (DWT) in their algorithm, which is also em-
ployed in the new JPEG2000 image compression standard.

In the early wavelet image coders [14]-[16], the DWT coef-
ficients were assumed to be independent. The histogram of the
DWT coefficients can be modeled by a generalized Gaussian
distribution (GGD). This implies that the DWT coefficients are
sparse, with only a small number of large coefficients and a large
number of small coefficients. Based on this observation, early
wavelet image coders were mainly concerned with designing
better quantization and bit allocation strategies. The drawback
is apparent in that those near zero-valued wavelet coefficients,
which convey little information, must be represented and coded,
which can consume a large portion of the bit budget. Although
these types of coders provide superior visual quality by elimi-
nating the blocking effect in comparison to block-based image
coders such as JPEG, their objective performance measured by
the peak signal-to-noise ratio (PSNR) increases only moder-
ately.

At the same time, a simple check of the wavelet transform
coefficients reveal that the wavelet transform can not totally
decorrelate real-world signals. There are still various depen-
dencies between coefficients in different subbands. The lowest
frequency subband looks like the original image, and most of
the energy in the high-frequency subband is concentrated in the
edge areas that correspond to large transitions in the original
image as shown in Fig. 1.

A lot of research have been done to characterize these de-
pendencies and model the wavelet coefficients. In [17], a GGD
with autoregressive dependencies between neighboring coef-
ficients (both within and across scales) is used to model the
wavelet coefficients. In [18], the wavelet coefficients are mod-
eled by a generalized Laplacian distribution; the local neighbors
are used to estimate the model parameters. In [19], an explicit
conditional probability model is built to capture these within and
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Ilustration of various within-subband and cross-subband correlations within the wavelet transformed coefficients. (a) Original 512 512 Lena image. (b)

filters [14].

cross-subband correlations; this model is then used to build an
embedded predictive wavelet image coder (EPWIC). In [20] and
[21], a hidden Markov tree (HMT) is used to capture the joint
probability density function (PDF) of the wavelet coefficients.
The non-Gaussian PDF of wavelet coefficients are modeled as a
two-component Gaussian mixture. The components are labeled
by a hidden state signifying whether the coefficient is small or
large. By linking these hidden states across scales in a Markov
tree, the cross-subband correlations are captured.

These statistical properties and their exploitation are very
important for the image coder design. The success of recent
wavelet image coders can be mainly attributed to the innovative
strategies for data organization and representation that exploit
these statistical dependencies one way or the other.

In Shapiro’s embedded zerotree (EZW) [1] and in Said and
Pearlman’s set partitioning in hierarchical tree (SPIHT) [2],
a zerotree structure is introduced to exploit the cross-subband
similarity of wavelet coefficients. Xiong et al.’s space-fre-
quency quantization (SFQ) [3] goes one step forward by
incorporating the zerotree quantizer with the scalar quantizer
and using an iterative algorithm to reach the optimal rate allo-
cation between the two types of quantizers. In Servetto et al.’s
morphological representation of wavelet data (MRWD) [4],
morphological operations are used to exploit the within-sub-
band clustering of the wavelet coefficients. Chai et al.’s
significant-linked connected component analysis (SLCCA) [5]
strengthens MRWD by exploiting not only the within-sub-
band clustering of wavelet coefficients but also cross-subband
similarity in the significant fields. In Joshi et al.’s [6], the
within-subband clustering property is exploited to classify the
blocks into several classes within each subband and code them
at different rates using arithmetic-coded trellis-coded quanti-
zation (ACTCQ); the cross-subband similarity is exploited to
code the classification maps.

At the same time, in Wu’s embedded conditional entropy
coding of wavelet coefficients (ECECOW) [22], ECECOW
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